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1. Introduction
Throughout this paper, X and Y denote inﬁnite dimensional complex Banach spaces, and B(X , Y)
denotes the space of all bounded linear maps from X into Y . As usual, when X = Y , we simply write
B(X) instead of B(X , X).
In [7], BourhimandRansfordproved that theonlyadditivemaponB(X)preservingall local spectra is
the identity, and investigated several extensionsof this result to the caseof twodifferentBanach spaces.
These results opened the way for some authors to consider a more general problem of characterizing
additive or linear maps ϕ on B(X) preserving different local spectral quantities at a ﬁxed nonzero
element in X . A natural conjecture can be formulated by saying that if a linear map ϕ from B(X) onto
itself preserves a local spectral quantity at nonzero ﬁxed vector x0 ∈ X , then there are a nonzero scalar
E-mail address: abourhim@syr.edu
0024-3795/$ - see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.laa.2009.08.020
384 A. Bourhim / Linear Algebra and its Applications 432 (2010) 383–393
α and an invertible operator A ∈ B(X) such that Ax0 = x0 and ϕ(T) = αATA−1 for all T ∈ B(X). This
conjecture has been partially justiﬁedwhen X = Cn is a ﬁnite dimensional space [4,6,14] or under the
extra condition that ϕ is continuous [8]. But the conjecture is still unsolved in its full generality.
In [14], González andMbekhta characterized linearmaps on the algebraMn(C) of alln × n complex
matrices that preserve the local spectrum at a nonzero ﬁxed vector x0 ∈ Cn. Their result has been
extended by Bourhim and Miller in [6] where it is shown that a linear map ϕ on Mn(C) preserves
the local spectral radius at a nonzero vector x0 ∈ Cn if and only if it has the same form given by the
above conjecture. A similar result to this one has been established in [4] where linear maps onMn(C)
preserving the inner local spectral radius at a nonzero vector x0 ∈ Cn has been characterized. While
in [8], Bracˇicˇ and Müller extended both main results of [6,14] to inﬁnite dimensional Banach spaces
by characterizing surjective linear and continuousmaps ϕ from B(X) into itself that preserve the local
spectrum and the local spectral radius at a ﬁxed nonzero vector of X . They ﬁrst proved that such ϕ
preserves the spectral radius r(·) (i.e., r(ϕ(T)) = r(T) for all T ∈ B(X)), and next used [9, Theorem 1]
which asserts that a linear map from B(X) onto itself preserves the spectral radius if and only if it is
an automorphism or an anti-automorphism multiplied by a unimodular scalar.
For an operator T ∈ B(X) and a vector x ∈ X , we denote as usual by σ T (x), rT (x) and ιT (x) the local
spectrum, the local spectral radius and the inner local spectral radius respectively of T at x; see [16,19].
In this paper, we let x0 ∈ X and y0 ∈ Y be ﬁxed nonzero elements, and let ϕ be a linear continuous
map from B(X) onto B(Y). Themain result of Section 3 asserts that there are constantsm,M > 0 such
thatmιT (x0) ιϕ(T)(y0)MιT (x0) for all T ∈ B(X) if and only if there is a bijection A ∈ B(X , Y) and a
nonzero scalar α such that Ax0 = y0 and ϕ(T) = αATA−1 for all T ∈ B(X). In Section 4, we show that
ϕ satisﬁes σϕ(T)(y0) = σT (x0) for all T ∈ B(X) if and only if there is a bijection A ∈ B(X , Y) such that
Ax0 = y0 and ϕ(T) = ATA−1 for all T ∈ B(X). Finally, we give, in Section 5, a complete description
of surjective linear maps on B(X) that are locally spectrally bounded and locally spectrally bounded
below at a ﬁxed nonzero vector in X , and thus obtain a local version of the main result of [11] which
describes surjective linear maps on B(X) that are spectrally bounded and spectrally bounded below.
The obtained result also extends [8, Theorem 3.4] which describes local spectral isometries on B(X)
at a ﬁxed nonzero point. Furthermore, we obtain variants of these roughly mentioned results.
Our arguments are inﬂuenced by ideas from Bracˇicˇ and Müller [8] and the approach given therein,
but the proof of the main results requires new ingredients such as the complete description of addi-
tive surjective maps preserving the minimum modulus of the surjectivity spectrum of Banach space
operators. It also relies on useful results on spectral isometries and spectrally bounded linear maps on
B(X) obtained in [3,9,11,13]. We also would like to mention that unlike for the above mentioned
result from Bourhim and Ransford [7], without the surjectivity of ϕ our results does not hold as
σT⊕T (x ⊕ x) = σT (x), ιT⊕T (x ⊕ x) = ιT (x) and rT⊕T (x ⊕ x) = rT (x) for all T ∈ B(X) and all x ∈ X .
We also would like to point out that if X and Y are isomorphic Banach spaces, then the statements
of our results can be reduced to the case when X = Y and x0 = y0. But the fact that “X and Y are
isomorphic” is a part of the conclusion of these results rather being a part of their hypothesis.
2. Preliminaries
The proof of the main results of this paper uses some arguments which are inﬂuenced by ideas
from Bracˇicˇ and Müller [8] but it also requires new ingredients which should be established.
Theminimummodulus of a bounded linear operator T ∈ B(X) is deﬁned bym(T) := inf{‖Tx‖: x ∈
X , ‖x‖ = 1} and is positive precisely when T is injective and has a closed range. The sequence
(m(Tn)1/n)n 1 convergesand its limits satisﬁes r1(T) := limn→∞ m(Tn)1/n = sup{m(Tn)1/n : n 1}= min{|λ| : λ ∈ σap(T)}, where σap(T) is the approximate point spectrum of T . While the surjec-
tivity modulus of T is given by q(T) := sup{ε  0: εBX ⊆ T(BX)}, where BX denotes the closed unit
ball of X . Note that q(T) > 0 if and only if T is surjective, and that the sequence (q(Tn)1/n)n 1
converges and its limit satisﬁes δ(T) := limn→∞ q(Tn)1/n = sup{q(Tn)1/n : n 1} = min{|λ| : λ ∈
σsu(T)}, whereσsu(T) is the surjectivity spectrumof T . Finally, note thatm(T) = q(T) = ‖T−1‖−1 and
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r1(T) = δ(T) = r(T−1)−1 whenever T is invertible.We refer the reader to [17] for further information
on these spectral quantities.
The following lemma describes surjective additivemaps preserving the spectral functions r1(·) and
δ(·), and will be used in the sequel.
Lemma 2.1. Assumethatc(·) stands foranyoneof the spectral functionsδ(·)and r1(·),and letϕ : B(X) →
B(Y) be an additive surjective map. Then there are m,M > 0 such that mc(T) c(ϕ(T))Mc(T) for all
T ∈ B(X) if and only if there is a nonzero scalar α and either there is a continuous linear or conjugate
linear bijection A : X → Y such that ϕ(T) = αATA−1 for all T ∈ B(X), or there is a continuous linear or
conjugate linear bijection A : X∗ → Y such that ϕ(T) = αAT∗A−1 for all T ∈ B(X). The last case can not
occur if X or Y is not reﬂexive, or if there is a non invertible surjective operator in B(X).
Proof. We ﬁrst note that for any operator T ∈ B(X), we obviously have δ(T) = 0 (resp. r1(T) = 0) if
and only if q(T) = 0 (resp. m(T) = 0). Next, assume there are m,M > 0 such that mc(T) c(ϕ(T))
Mc(T) for all T ∈ B(X), and note that ϕ preserves the zeros of q(·) (resp. m(·)) in both directions
provided that c(·) = δ(·) (resp. c(·) = r1(·)). By [5, Lemma 2.2], either there are continuous bijections
A, B : X → Y both linear or both conjugate linear such that ϕ(T) = ATB for all T ∈ B(X), or there are
continuous bijections A, B : X∗ → Y both linear or both conjugate linear such that ϕ(T) = AT∗B for
all T ∈ B(X).
Assume without loss of generality that the ﬁrst case holds, and let us prove that ϕ(1) = AB = α1
for some nonzero α. Note that, since c(T−1) = r(T)−1 for all invertible operators T ∈ B(X), we have
M−1r(T) r(ϕ(T−1)−1) = r(B−1TA−1)m−1r(T)
for all invertible operators T ∈ B(X). Replacing T by A−1TA and taking into account that r(T) =
r(A−1TA), one gets M−1r(T) r(B−1A−1T)m−1r(T) for all invertible operators T ∈ B(X). In par-
ticular, we have
M−1r
(
1
n
+ x ⊗ f
)
 r
(
B−1A−1
(
1
n
+ x ⊗ f
))
m−1r
(
1
n
+ x ⊗ f
)
for all positive integers n, all x ∈ X and all f ∈ X∗. Taking the limit as n goes to∞ of all sides, one gets
M−1|〈x, f 〉| |〈B−1A−1x, f 〉|m−1|〈x, f 〉| for all x ∈ X and f ∈ X∗. From these inequalities, we infer
that x and B−1A−1x are linearly dependent for all x ∈ X , and therefore AB = α1 for some nonzero
scalar α; as desired. 
We now ﬁx some notion and notations from local spectral theory. The local resolvent set, ρT (x),
of an operator T ∈ B(X) at a point x ∈ X is the union of all open subsets U of C for which there is
a X-valued analytic function φ on U such that (T − λ)φ(λ) = x, (λ ∈ U). The local spectrum of T at
x ∈ X is given by σ T (x) := C\ρT (x), and is a closed subset of the surjectivity spectrum σsu(T) of T .
The local spectral radius of T at x ∈ X is deﬁned by rT (x) := lim supn→+∞ ‖Tnx‖ 1n , and coincides with
inf{r  0 : x ∈ XT (D(0, r))}; see [16, Proposition 3.3.13]. Here, D(0, r) (resp. D(0, r)) denotes the closed
(resp. the open) disc centered at the origin with radius r, and for a closed subset F ofC, the subspace
XT (F) := {x ∈ X : (T − λ)f (λ) = x has an analytic solution f onC\F} is the so-called glocal spectral
subspace of T . Analogously, the inner local spectral radius, ιT (x), of T at x ∈ X is deﬁned by ιT (x) :=
sup{r  0 : x ∈ XT (C\D(0, r))}, and coincides with the minimum modulus of σT (x) provided that T
has the single-valued extensionproperty; see [19]. Recall that T ∈ B(X) is said to have the single-valued
extension propertyprovided that for every open subsetU ofC, the equation (T − λ)φ(λ) = 0, (λ ∈ U),
has no nontrivial analytic solution φ on U.
The following lemma, quoted from Bracˇicˇ and Müller [8, Lemma 2.2], will be the backbone of the
proof of the main results of this paper.
Lemma 2.2. Let T ∈ B(X) be a ﬁxed operator and let x0 ∈ X be a ﬁxed nonzero vector. Ifλ ∈ σsu(T), then,
for every  > 0, there is S ∈ B(X) such that ‖T − S‖ <  and λ ∈ σS(x0).
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The following lemma summarizes some elementary properties of the above local spectral
quantities.
Lemma 2.3. Let x0 ∈ X and y0 ∈ Y be ﬁxed nonzero elements, and let cT (x0) stand either for σT (x0)
or rT (x0) or ιT (x0) for all T ∈ B(X). For bijective maps A ∈ B(X , Y) and B ∈ B(X∗, Y), the following
statements hold.
(a) cATA−1(Ax0) = cT (x0) for all T ∈ B(X).
(b) If Ax0 and y0 are linearly independent, then there are T1, T2 ∈ B(X) such that cAT1A−1(y0) =
cT2(x0) = 0 and cAT2A−1(y0) = cT1(x0) = 1.
(c) There is T ∈ B(X) such that cBT∗B−1(y0) = 0 and cT (x0) = 1, and vice versa.
Proof. See for instance the proofs of [6, Lemmas 2.1 and 2.2] and [14, Lemmas 4 and 5]. 
3. Inner local spectral radius preservers
We begin by stating and proving the promised main result of this section since all the necessary
ingredients are collected in the previous section.
Theorem 3.1. Let x0 ∈ X and y0 ∈ Y be nonzero elements. For a linear continuous map ϕ from B(X) onto
B(Y), the following are equivalent.
(a)There are constants m,M > 0 such that
mιT (x0) ιϕ(T)(y0)MιT (x0), (T ∈ B(X)). (3.1)
(b) There is a bijection A ∈ B(X , Y) and a nonzero scalar α such that Ax0 = y0 and ϕ(T) = αATA−1
for all T ∈ B(X).
Proof. Assume that there are a bijective mapping A ∈ B(X , Y) and a nonzero scalar α such that Ax0 =
y0 and ϕ(T) = αATA−1 for all T ∈ B(X). By Lemma 2.3(a), we have
ιT (x0) = ιATA−1(Ax0) = ιATA−1(y0) = |α|−1ιαATA−1(y0) = |α|−1ιϕ(T)(y0)
for all T ∈ B(X). This shows that the inequalities (3.1) hold for M = m = |α|, and establishes the
implication (b) ⇒ (a).
Conversely, assume that the inequalities (3.1) hold, and let us ﬁrst prove that
mδ(T) δ(ϕ(T))Mδ(T) (3.2)
for all T ∈ B(X). Pick up an operator T ∈ B(X) and λ ∈ σsu(T) such that δ(T) = |λ|. By Lemma 2.2,
there is a sequence of operators (Tn)n ⊂ B(X) such that ‖Tn − T‖ < n−1 and λ ∈ σTn(x0). By the
lower semi-continuity of the spectral function δ(·) (see [17, Proposition 3]), we have
δ(ϕ(T)) lim inf
n→∞ δ(ϕ(Tn)) lim infn→∞ ιϕ(Tn)(y0)M lim infn→∞ ιTn(x0)M|λ| = Mδ(T).
This establishes the right inequality of (3.2).
To establish the left inequality of (3.2), let T ∈ B(X) be a ﬁxed operator and pick up λ ∈ σsu(ϕ(T))
such that δ(ϕ(T)) = |λ|. By Lemma 2.2, there is a sequence of operators (Sn)n ⊂ B(Y) such that‖Sn − ϕ(T)‖ < n−1 and λ ∈ σSn(y0). Since ϕ : B(X) → B(Y) is a surjective continuous linear map,
the open mapping theorem implies that the open unit ball of B(X) is open and observes the open
unit ball of B(Y). Thus one can ﬁnd a sequence of operators (Tn)n ⊂ B(X) converging to T such that
ϕ(Tn) = Sn for all n. Just as above, we have
δ(T)  lim inf
n→∞ δ(Tn) lim infn→∞ ιTn(x0)m
−1 lim inf
n→∞ ιϕ(Tn)(y0)
= m−1 lim inf
n→∞ ιSn(y0)m
−1|λ| = m−1δ(ϕ(T)).
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This establishes the left inequality of (3.2); as desired.
In viewof (3.2) and Lemma2.1, there is a nonzero scalarα and either there is a bijection A ∈ B(X , Y)
such that ϕ(T) = αATA−1 for all T ∈ B(X), or there is a bijection A ∈ B(X∗, Y) such that ϕ(T) =
αAT∗A−1 for all T ∈ B(X). By the last two statements of Lemma 2.3, ϕ takes the ﬁrst form and Ax0 =
λy0 for some nonzero λ ∈ C. Dividing A by λ if necessary, we may and shall assume that Ax0 = y0,
and the implication (a) ⇒ (b) is established. The proof of the theorem is therefore complete. 
If, in addition, the map ϕ is unital, then a little bit more can be obtained.
Theorem 3.2. Let x0 ∈ X and y0 ∈ Y be ﬁxed nonzero elements. For a linear continuous unital map ϕ
from B(X) onto B(Y), the following are equivalent.
(a)The map ϕ satisﬁes the inequalities (3.1).
(b)There is a constant M > 0 such that ιϕ(T)(y0)MιT (x0) for all T ∈ B(X).
(c) There is a constant m > 0 such that mιT (x0) ιϕ(T)(y0) for all T ∈ B(X).
(d)There is a bijection A ∈ B(X , Y) such that Ax0 = y0 and ϕ(T) = ATA−1 for all T ∈ B(X).
Proof. The equivalence (a) ⇐⇒ (d) is there in viewof the previous theorem.While the implications
(d) ⇒ (b) and (d) ⇒ (c) can be established in a similar way as at the beginning of the proof of the
previous theorem. Therefore, we only need to establish the implications (a) ⇒ (d) and (c) ⇒ (d).
Assume that there is a constantm > 0 such thatmιT (x0) ιϕ(T)(y0) for all T ∈ B(X). Just as in the
proof of Theorem 3.1, one gets that δ(T)m−1δ(ϕ(T)) for all T ∈ B(X). As ϕ is linear and unital, one,
in fact, has
δ(T − λ)m−1δ(ϕ(T) − λ)
for all T ∈ B(X) andλ ∈ C, and thusσsu(ϕ(T)) ⊂ σsu(T) for all T ∈ B(X). On the other hand, it is clear
that ϕ does not annihilate all ﬁnite rank operators of B(X) as 1 = ιx0⊗f (x0)m−1ιϕ(x0⊗f )(y0) for all
f ∈ X∗ forwhich 〈x0, f 〉 = 1.Now [12, Theorem4.4] ensures that eitherϕ(T) = ATA−1, (T ∈ B(X)), for
some isomorphism A ∈ B(X , Y), or ϕ(T) = BT∗B−1, (T ∈ B(X)), for some isomorphism B ∈ B(X∗, Y).
Just as in the proof of Theorem3.1, one can show thatϕ takes only the ﬁrst formwithA can be supposed
to satisfy Ax0 = y0. This establishes the implication (c) ⇒ (d).
Finally, assume that there is a constant M > 0 such that ιϕ(T)(y0)MιT (x0) for all T ∈ B(X). In
this case, one gets that δ(ϕ(T))Mδ(T) for all T ∈ B(X). It follows that σsu(T) ⊂ σsu(ϕ(T)) and
r(T) r(ϕ(T)) for all T ∈ B(X), where r(T) is the spectral radius of T . Now, let us show that ϕ is
injective. To do that, assume that ϕ(T0) = 0 for some T0 ∈ B(X), and let us show that T0 = 0. For
every T ∈ B(X), we have
r(T) r(ϕ(T)) = r(ϕ(T − T0)) ‖ϕ(T − T0)‖ ‖ϕ‖‖T − T0‖.
By [2, Theorem 5.3.1(v)], we see that T0 = 0 and ϕ is injective. In fact, it is bijective and its inverse
compresses the surjectivity spectrum; i.e., σsu(ϕ
−1(S)) ⊂ σsu(S) for all S ∈ B(Y). Applying again [12,
Theorem 4.4] to ϕ−1 and referring to the last part of the proof of Theorem 3.1, we see that there is an
invertible operator A ∈ B(X) such that Ax0 = y0 and ϕ(T) = ATA−1 for all T ∈ B(X). This establishes
the implication (b) ⇒ (d) and ﬁnishes the proof. 
4. Local spectrum preservers
In this section, we ﬁrst state and prove the main result of this section which is an extension of
[8, Theorem 3.3] to two different Banach spaces. Next, we give some results about local spectrum
compressing and expanding linear maps.
Theorem 4.1. Let x0 ∈ X and y0 ∈ Y be ﬁxed nonzero elements. An linear continuous map ϕ from B(X)
onto B(Y) satisﬁes σϕ(T)(y0) = σT (x0) for all T ∈ B(X) if and only if there is a bijection A ∈ B(X , Y) such
that Ax0 = y0 and ϕ(T) = ATA−1 for all T ∈ B(X).
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Proof. In view of Lemma 2.3(a), we only need to prove the ‘only if’ part. Assume that σϕ(T)(y0) =
σT (x0) for all T ∈ B(X), and let us show that δ(ϕ(T)) = δ(T) for all T ∈ B(X). Pick up T ∈ B(X) and
λ ∈ σsu(ϕ(T)) such that δ(ϕ(T)) = |λ|. By Lemma 2.2, there is a sequence (Sn)n ⊂ B(Y) such that‖Sn − ϕ(T)‖ < n−1 and λ ∈ σSn(y0). Just as in the proof of Theorem 3.1, applying the open mapping
theorem, one can ﬁnd a sequence (Tn)n ⊂ B(X) converging to T such that ϕ(Tn) = Sn for all n. We
have
δ(T)  lim inf
n→∞ ιTn(x0) lim infn→∞
{
min{|μ| : μ ∈ σTn(x0)}
}
= lim inf
n→∞
{
min{|μ| : μ ∈ σϕ(Tn)(y0)}
}
 |λ| = δ(ϕ(T)).
To prove the reverse inequality, let T ∈ B(X) be an arbitrary ﬁxed operator and let λ ∈ σsu(T) such
that δ(T) = |λ|. Again by Lemma 2.2, there is a sequence of operators (Tn)n ⊂ B(X) converging to T
such that λ ∈ σTn(x0) for all n. We have
δ(ϕ(T))  lim inf
n→∞ ιϕ(Tn)(y0) lim infn→∞
{
min{|μ| : μ ∈ σϕ(Tn)(y0)}
}
= lim inf
n→∞
{
min{|μ| : μ ∈ σTn(x0)}
}
 |λ| = δ(T).
By Lemma 2.1, there is a nonzero scalar α and either there is a bijection A ∈ B(X , Y) such that ϕ(T) =
αATA−1 for all T ∈ B(X), or there is a bijection A ∈ B(X∗, Y) such that ϕ(T) = αAT∗A−1 for all T ∈
B(X). By the last two statements of Lemma 2.3, ϕ takes the ﬁrst formwith A can be supposed to satisfy
Ax0 = y0. Moreover, α = 1 because {1} = σ1(x0) = σϕ(1)(y0) = {α}, and the proof is complete. 
If, in addition, the map ϕ is unital, then we obtain the following result.
Theorem 4.2. Let x0 ∈ X and y0 ∈ Y be ﬁxed nonzero elements. For a linear continuous unital map ϕ
from B(X) onto B(Y), the following are equivalent.
(a)σϕ(T)(y0) = σT (x0) for all T ∈ B(X).
(b)σϕ(T)(y0) ⊂ σT (x0) for all T ∈ B(X).
(c) σϕ(T)(y0) ⊃ σT (x0) for all T ∈ B(X).
(d)There is an invertible operator A ∈ B(X , Y) such that Ax0 = y0 andϕ(T) = ATA−1 for all T ∈ B(X).
Proof. The proof of this theorem is similar to the one of Theorem 3.2 and is therefore omitted. 
If one of the spaces X and Y is a complex Hilbert space, then (non necessarily unital) local spectrum
compressing and expanding linear maps can be described but of course a new material is needed.
In what follows, letH andK be inﬁnite dimensional complex Hilbert spaces, and recall that a linear
map ϕ from B(X) into B(Y) is said to be spectrally bounded if there is a constant C > 0 such that
r(ϕ(T)) Cr(T) for all T ∈ B(X). The following lemma describes spectrally bounded linearmaps from
B(H) onto B(Y). It is a slight improvement of [13, Theorem 3.3] where it is shown that if a spectrally
bounded linear map ϕ from B(H) onto B(K) is not injective, then ϕ vanishes at any compact operator
of B(H). Next Lemma shows that such maps ϕ are, in fact, always injective and the proof of this fact
uses some arguments quoted from Sourour [20, Proof of Theorem 6.1].
Lemma 4.3. A surjective linear map ϕ : B(H) → B(Y) is spectrally bounded if and only if there exist a
nonzero scalar α and an isomorphism A ∈ B(H, Y) such that either ϕ(T) = αATA−1 for all T ∈ B(H), or
ϕ(T) = αAT trA−1 for all T ∈ B(H),where Ttr denotes the transpose of T with respect to an arbitrary ﬁxed
basis of H.
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Proof. Particularizing [3, Lemma2.1] that describes spectrally bounded linearmap fromaunital purely
inﬁnite C∗-algebra with real rank zero onto a unital semi-simple Banach algebra, we see that ϕ = αJ
where α is a nonzero scalar and J is a Jordan homomorphism from B(H) onto B(Y). To see that ϕ
takes one of the desired forms, it sufﬁces to show that J is injective and then apply the well known
Herstein’s theorem [15] which asserts that every Jordan homomorphism into a prime ring is either a
homomorphism or an anti-homomorphism.
Assume by the way of contradiction that J is not injective, and note that Ker(J) is a closed ideal
containing all compact operators of B(H) as the ideal of all compact operators of B(H) is the smallest
nontrivial closed ideal of B(H). In other words, J vanishes at any compact operator of B(H). Keep in
mind that σ(J(T)) ⊂ σ(T) for all T ∈ B(H), and let S0 ∈ B(Y) be a rank one operator of B(Y) and
R0 ∈ B(H) be an operator such that ϕ(R0) = S0. For every T ∈ B(H), we have
∅ /= σe(J(T)) ⊂ σ(J(T) + S0) ∩ σ(J(T)) = σ(J(T + R0)) ∩ σ(J(T)) ⊂ σ(T + R0) ∩ σ(T),
where σe(J(T)) is the essential spectrum of J(T). By [20, Theorem 5.1], we see that R0 is a compact op-
erator and S0 = J(R0) = 0which is a contradiction. Therefore, J is injective and the desired conclusion
follows. 
Remark 4.4. In passing, we observe that the separability condition of H in [20, Theorem 6.1] is su-
perﬂuous. Indeed, if a surjective linear map ϕ : B(H) → B(Y) preserves the invertibility, then Φ :=
ϕ(1)−1ϕ compresses the spectrum and thus is spectrally bounded. Now, Lemma 4.3 can be applied
and Φ takes one of the forms given by this lemma.
The following result gives the complete characterization of continuous linearmaps fromB(H) onto
B(Y) compressing the local spectrum.
Theorem 4.5. Let h0 ∈ H and y0 ∈ Y be ﬁxed nonzero elements. For a linear continuous map ϕ from
B(H) onto B(Y), the following are equivalent.
(a)σϕ(T)(y0) = σT (h0) for all T ∈ B(H).
(b)σϕ(T)(y0) ⊂ σT (h0) for all T ∈ B(H).
(c)There is a bijective mapping A ∈ B(H, Y) such that Ah0 = y0 and ϕ(T) = ATA−1 for all T ∈ B(H).
Proof. Obviously, the following implications (c) ⇒ (a) ⇒ (b) always hold. Therefore, we only need
to establish the implication (b) ⇒ (c).
Assume that σϕ(T)(y0) ⊂ σT (h0) for all T ∈ B(H). Pick up T ∈ B(H) and λ ∈ σsu(ϕ(T)) such that
r(ϕ(T)) = |λ|. By Lemma 2.2, there is a sequence (Sn)n ⊂ B(K) such that ‖Sn − ϕ(T)‖ < n−1 and
λ ∈ σSn(y0). Just as in the proof of Theorem 3.1, applying the open mapping theorem, one can ﬁnd a
sequence (Tn)n ⊂ B(H) converging to T such that ϕ(Tn) = Sn for all n. We have
r(T)  lim sup
n→∞ r(Tn)
 lim sup
n→∞ max{|μ| : μ ∈ σTn(h0)}
 lim sup
n→∞ max{|μ| : μ ∈ σϕ(Tn)(y0)} |λ| = r(ϕ(T)).
Hence ϕ is a spectrally bounded linearmap from B(H) onto B(Y). By Lemma 4.3, there exist a nonzero
scalarα and an isomorphismA ∈ B(H, Y) such that eitherϕ(T) = αATA−1 for all T ∈ B(H), orϕ(T) =
αAT trA−1 for allT ∈ B(H). Fromthis, onecansee thatϕ takesonly theﬁrst formwithA canbe supposed
to satisfy Ah0 = y0. This establishes the implication (b) ⇒ (c) and ﬁnishes the proof. 
Corollary 4.6. Let x0 ∈ X and k0 ∈ K be ﬁxed nonzero elements. A linear continuous map ϕ from B(X)
onto B(K) satisﬁes σϕ(T)(k0) ⊃ σT (x0) for all T ∈ B(X) if and only if there is a bijective map A ∈ B(X ,K)
such that Ax0 = k0 and ϕ(T) = ATA−1 for all T ∈ B(X).
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Proof. Assume that σϕ(T)(k0) ⊃ σT (x0) for all T ∈ B(X). Let T ∈ B(X) be an arbitrary ﬁxed operator
and let λ ∈ σsu(T) such that r(T) = |λ|. By Lemma 2.2, there is a sequence of operators (Tn)n ⊂ B(X)
converging to T such that λ ∈ σTn(x0) for all n. We have
r(ϕ(T))  lim sup
n→∞ r(ϕ(Tn))
 lim sup
n→∞ max{|μ| : μ ∈ σϕ(Tn)(k0)}
 lim sup
n→∞ max{|μ| : μ ∈ σTn(x0)} |λ| = r(T).
Just as in the proof of the implication (b) ⇒ (d) of Theorem 3.2, we see that ϕ is injective and its
inverse satisﬁes σϕ−1(S)(x0) ⊂ σS(k0) for all S ∈ B(K). Theorem 4.5 applied to ϕ−1 gives the desired
conclusion, and the proof is therefore complete. 
Combining Theorem 4.5 and Corollary 4.6, we immediately get the following consequence.
Corollary 4.7. Let h0 ∈ H and k0 ∈ K be ﬁxed nonzero elements. For a linear continuous map ϕ from
B(H) onto B(K), the following are equivalent.
(a)σϕ(T)(k0) = σT (h0) for all T ∈ B(H).
(b)σϕ(T)(k0) ⊂ σT (h0) for all T ∈ B(H).
(c) σϕ(T)(k0) ⊃ σT (h0) for all T ∈ B(H).
(d)There is a bijective map A ∈ B(H,K) such that Ah0 = k0 and ϕ(T) = ATA−1 for all T ∈ B(H).
When restricted to ﬁnite dimensional spaces, a little bitmore can be obtained. Note that for a linear
map ϕ : Mn(C) → Mn(C) and ﬁxed nonzero vectors h0 and k0 of Cn, each statement of Corollary
4.7 entails that σϕ(T)(k0) ∩ σT (h0) /= ∅ for all T ∈ Mn(C). In fact, this condition is equivalent to each
statement of Corollary 4.7. Indeed, assume that σϕ(T)(k0) ∩ σT (h0) /= ∅ for all T ∈ Mn(C), and note
that it immediately follows that σ(ϕ(T)) ∩ σ(T) /= ∅ for all T ∈ Mn(C). By [1, Theorem 2], there is
an invertible matrix A ∈ Mn(C) such that either ϕ(T) = ATA−1 for all T ∈ Mn(C), or ϕ(T) = AT trA−1
for all T ∈ Mn(C). It becamenowstandard to see thatϕ takesonly theﬁrst formwithA canbe supposed
to satisfy Ah0 = k0; as desired.
5. Local spectral radius preservers
A linear functional φ on B(X) is said to be spectrally bounded if there is a positive constant M
such that |φ(T)|Mr(T) for all T ∈ B(X). Note that a such functional φ satisﬁes φ(TS) = φ(ST) for
all T , S ∈ B(X); see for instance [18, Lemma 2.1]. Unlike for any inﬁnite-dimensional Hilbert space,
there exist inﬁnite-dimensional Banach spaces X such that B(X) has a nonzero multiplicative linear
functionalϕwhich is evidently spectrally bounded; see for instance [10].We refer the interested reader
to [11] for a short nice information on spectrally bounded linear functionals on B(X).
The following lemma shows that any spectrally bounded linear functional onB(X) vanishes at ﬁnite
rank operators.
Lemma 5.1. Any spectrally bounded linear functional φ on B(X) vanishes all ﬁnite rank operators.
Proof. It sufﬁces to show that φ vanishes at rank one idempotent operators of B(X). Let R1 and R2 be
arbitrary rank one idempotent operators of B(X), and note that one can ﬁnd an invertible operator
A ∈ B(X) such that R1 = AR2A−1. Thus φ(R1) = φ(R2) and φ is constant on rank one idempotent
operators ofB(X). Therefore there isλ0 ∈ C such thatφ(R) = λ0 for all rankone idempotent operators
R of B(X). Now, let T ∈ B(X) be the sum of n orthogonal rank one idempotent operators of B(X), and
note that n|λ0| = |φ(T)| r(T) = 1 which certainly implies that λ0 = 0. The lemma is therefore
proved. 
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We are now in a position to state and prove the main result of this section which characterizes
surjective linear maps on B(X) that are locally spectrally bounded and locally spectrally bounded
below at a ﬁxed nonzero vector in X .
Theorem 5.2. Let x0 and y0 be ﬁxed nonzero elements of X. A linear continuous map ϕ from B(X) onto
itself satisﬁes, for some constants m,M > 0,
mrT (x0) rϕ(T)(y0)MrT (x0) (5.1)
for all T ∈ B(X) if and only if there is an invertible operator A ∈ B(X) and a nonzero scalar α such that
Ax0 = y0 and ϕ(T) = αATA−1 for all T ∈ B(X).
Proof. Assume that there is an invertible operator A ∈ B(X) and a nonzero scalarα such that Ax0 = y0
andϕ(T) = αATA−1 for all T ∈ B(X). By Lemma2.3(a),wehave rϕ(T)(y0) = |α|rT (x0) for all T ∈ B(X),
and (5.1) holds withm = M = |α|. This proves the ‘if’ part.
Conversely, assume that the inequalities (5.1) hold, and let us show that
mr(T) r(ϕ(T))Mr(T) (5.2)
for all T ∈ B(X). Let T ∈ B(X) be an arbitrary ﬁxed operator and let λ ∈ σsu(T) such that r(T) = |λ|.
By Lemma 2.2, there is a sequence of operators (Tn)n ⊂ B(X) converging to T such that λ ∈ σTn(x0)
for all n. We have
r(ϕ(T)) lim sup
n→∞ r(ϕ(Tn))
 lim sup
n→∞ rϕ(Tn)(y0)
m lim sup
n→∞ rTn(x0)
m|λ| = mr(T).
This establishes the left inequality of (5.2) fromwhich it follows, just as in the proof of the implication
(b) ⇒ (d) of Theorem 3.2, that ϕ is injective. It is, in fact, a bijective map and its inverse satisﬁes
M−1rT (x0) rϕ−1(T)(y0)m−1rT (x0) for all T ∈ B(X). Applying what has been shown above to ϕ−1,
we get that r(ϕ−1(T))M−1r(T) for all T ∈ B(X), and the right inequality of (5.2) is established. By
[11, Theorem 1.1], there exist a spectrally bounded linear functional φ on B(X), a nonzero constant
α, and either an invertible operator A ∈ B(X) such that ϕ(T) = αATA−1 + φ(T)1, (T ∈ B(X)), or a
bijection A ∈ B(X∗, X) such that ϕ(T) = αAT∗A−1 + φ(T)1, (T ∈ B(X)). To see that ϕ takes only the
ﬁrst form, assume by the way of contradiction that ϕ takes the second form. Let x ∈ X\Cx0 such
that 〈x, A−1y0〉 = 1, and let f ∈ X∗ be a linear functional on X such that 〈x0, f 〉 = 0and〈x, f 〉 = 1.
Set T0 := x ⊗ f , and note that T0x0 = 0 and that T0∗(A−1y0) = 〈x, A−1y0〉f = f which imply that
rT0(x0) = 0 and rT0∗(A−1y0) = 1. In view of Lemma 5.1, we have
|α| = |α|rT0∗
(
A−1y0
)
= |α|rAT0∗A−1(y0)
= rαAT0∗A−1(y0) = rαAT0∗A−1+φ(T0)1(y0)
= rϕ(T0)(y0)MrT0(x0) = 0,
which contradicts the fact that α /= 0, and thus ϕ takes the ﬁrst form.
Now, let us ﬁrst show Ax0 = λy0 for some nonzero λ ∈ C. Suppose for the sake of contradiction
that x0 and A
−1y0 are linearly independent, and let f ∈ X∗ be a linear functional such that 〈x0, f 〉 = 1
and 〈A−1y0, f 〉 = 0. For T0 := x ⊗ f , we have T0x0 = 1 and T0(A−1y0) = 0. Thus rT0(x0) = 1, and
rϕ(T0)(y0) = rαAT0A−1+φ(T0)1(y0) = rαAT0A−1(y0)
= |α|rAT0A−1(y0) = |α|rT0(A−1y0) = 0.
This is impossible in view of (5.1), and thus Ax0 = λy0 for some nonzero λ ∈ C.
Next, let us show that φ is identically zero. For every T ∈ B(X), we have
MrT (x0)  rϕ(T)(y0) |φ(T)| − rαATA−1(y0)
= |φ(T)| − |α|rT
(
A−1y0
)
= |φ(T)| − |α|rT (x0).
392 A. Bourhim / Linear Algebra and its Applications 432 (2010) 383–393
From this it follows that (M + |α|)rT (x0) |φ(T)| for all T ∈ B(X). Fix an arbitrary operator T ∈ B(X),
and note that, in view of the last inequality, one has φ(T) = 0 provided that Tx0 = 0. In case Tx0 /= 0,
take a linear functional f ∈ X∗ such that 〈x0, f 〉 = 1 and note that (T − Tx0 ⊗ f )x0 = 0. This together
with Lemma 5.1 imply that 0 = φ(T − Tx0 ⊗ f ) = φ(T); as desired.
Finally,wehaveϕ(T) = αATA−1 for allT ∈ B(X)andAx0 = λy0 for somenonzeroλ ∈ C. Replacing
A by λ−1A, we get the desired conclusion, and the proof is therefore complete. 
For the case of two different spaces, we obtain a little bit more but when one of these spaces is a
complex Hilbert space.
Theorem 5.3. Let h0 ∈ H and y0 ∈ Y be ﬁxed nonzero elements. For a linear continuous map ϕ from
B(H) onto B(Y), the following are equivalent.
(a)There are two constants m,M > 0 such that mrT (h0) rϕ(T)(y0)MrT (h0) for all T ∈ B(H).
(b)There is a constant M > 0 such that rϕ(T)(y0)MrT (h0) for all T ∈ B(H).
(c) There is a bijection A ∈ L(H, Y) and a nonzero scalar α such that Ah0 = y0 and ϕ(T) = αATA−1
for all T ∈ B(H).
Proof. Clearly, we only need to establish the implications (b) ⇒ (c) as the implications (c) ⇒ (a) ⇒
(b) always hold.
Assume that there is a constantM > 0 such that rϕ(T)(y0)MrT (x0) for all T ∈ B(H). Just as in the
proof of Theorem 5.2, one can show that r(ϕ(T))Mr(T) for all T ∈ B(H). Applying Lemma 4.3, one
gets that there isabijectionA ∈ L(H, Y)andanonzeroscalarα such thatAh0 = y0 andϕ(T) = αATA−1
for all T ∈ B(H). 
As consequences, we obtain the following corollaries.
Corollary 5.4. Let x0 ∈ X and k0 ∈ K be ﬁxed nonzero elements, and let ϕ be a linear continuous map
from B(X) onto B(K). Then there is constant m > 0 such that mrT (x0) rϕ(T)(k0) for all T ∈ B(X) if and
only if there is a bijection A ∈ B(X ,K) and a nonzero scalar α such that Ax0 = k0 and ϕ(T) = αATA−1
for all T ∈ B(H).
Proof. We only need to establish the ‘only if’ part. Assume that there is a constant m > 0 such that
mrT (x0) rϕ(T)(k0) for all T ∈ B(X). It follows that mr(T) r(ϕ(T)) for all T ∈ B(X) and thus ϕ is
bijective. Theorem 5.3 applied to ϕ−1 yields the desired conclusion. 
This corollary combined with Theorem 5.3 yields the following.
Corollary 5.5. Let h0 ∈ H and k0 ∈ K be ﬁxed nonzero elements. For a linear continuous map ϕ from
B(H) onto B(Y), the following are equivalent.
(a)There are two constants m,M > 0 such that mrT (h0) rϕ(T)(k0)MrT (h0) for all T ∈ B(H).
(b)There is a constant M > 0 such that rϕ(T)(k0)MrT (h0) for all T ∈ B(H).
(c) There is a constant m > 0 such that mrT (h0) rϕ(T)(k0) for all T ∈ B(H).
(d)There is a bijection A ∈ B(H,K) and a nonzero scalar α such that Ah0 = k0 and ϕ(T) = αATA−1
for all T ∈ B(H).
6. Conjectures
We close this paper by stating two conjectures which are arisen in a natural way from our results.
These conjectures assert that our main results remain true without the continuity assumption.
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Conjecture 1. Let x0 ∈ X and y0 ∈ Y be ﬁxed nonzero elements. A surjective additive map ϕ : B(X) →
B(Y) satisﬁesσϕ(T)(y0) = σT (x0) for all T ∈ B(X) if and only if there is an invertible operator A ∈ B(X , Y)
such that Ax0 = y0 and ϕ(T) = ATA−1 for all T ∈ B(X).
Conjecture 2. Let x0 ∈ X and y0 ∈ Y be ﬁxed nonzero elements, and let cT (x0) stand either for rT (x0) or
ιT (x0) for all T ∈ B(X). A surjective additive map ϕ : B(X) → B(Y) satisﬁes cϕ(T)(y0) = cT (x0) for all
T ∈ B(X) if and only if there is a bijection A ∈ B(X , Y) and a nonzero scalar α of modulus one such that
Ax0 = y0 and ϕ(T) = αATA−1 for all T ∈ B(X).
Note that the local spectrum of any matrix T ∈ Mn(C) at any nonzero point x0 ∈ Cn is not empty,
and that ιT (x0) = min{|λ| : λ ∈ σT (x0)} and rT (x0) = max{|λ| : λ ∈ σT (x0)}. In fact, for a matrix
T ∈ Mn(C), all these can be easily described; see for instance [6]. For an inﬁnite-dimensional Banach
space operator T ∈ B(X), the local spectrum of T at a point x0 ∈ X can be empty, and instead of
the above identities one has ιT (x0)min{|λ| : λ ∈ σT (x0)} and max{|λ| : λ ∈ σT (x0)} rT (x0). The
equalities hold provided that T has the single-valued extension property. It should became now clear
that, unlike for the ﬁnite dimensional setting, a positive answer to Conjecture 2 would not imply a
positive answer to Conjecture 1.
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